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In this paper we present two-sided Chernoff-type inequalities for the error of the best
approximation of a smooth d-variate function by polynomials of total degree less than k in
the L2w -norm. It is supposed that the d-variate weight function w has one-dimensional
classical component weights, which satisfy Pearson differential equations. Similarly as
in the univariate case, the leading coeﬃcients of the multivariate classical polynomials,
orthonormal with respect to the weight function w , play an important role in the
presented estimates.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction and preliminaries
Let Sd,k be the set of all ordered d-tuples α = (α1, . . . ,αd) of nonnegative integers αi such that |α| < k, where k is a
positive integer and
|α| = α1 + · · · + αd.
Then the space Pdk−1 of all polynomials
p(x) =
∑
α∈Sd,k
cαx
α, xα = xα11 · · · · · xαdd ,
with real coeﬃcients cα = cα1...αd ∈ R is said to be the space of polynomials of total degree less than k in the variable
x = (x1, . . . , xd) ∈Rd . The dimension of this space is equal to
dim
(
P
d
k−1
)= (d + k − 1
d
)
.
Throughout this paper, it will be assumed that Pdk = Pdk(Ω), k = 0,1, . . . , is a subspace of the real Hilbert space
L2w(Ω) = cl
( ∞⋃
k=0
P
d
k(Ω)
)
with the following inner product and the norm
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∫
Ω
f (x)g(x)w(x)dx and ‖ f ‖w =
√
( f , f )w ,
where Ω is the Cartesian product of d copies of a ﬁnite or inﬁnite interval (a,b) and the symbol dx means the d-dimensional
Lebesgue measure on Ω ⊂Rd . Moreover, we suppose that the weight function
w(x) = w1(x1) · · · · · wd(xd), x = (x1, . . . , xd) ∈ Ω,
has positive components wi(xi) on (a,b) which are normalized by the condition
b∫
a
wi(xi)dxi = 1, 1 i  d.
Hence the weight function w(x), x ∈ Ω , fullﬁes∫
Ω
w(x)dx = 1.
The weight function w(x), x ∈ Ω , is called classical if its components wi(xi), xi ∈ (a,b), are classical, i.e. satisfy the
Pearson differential equation
d
dxi
[
Ai(xi)wi(xi)
]= Bi(xi)wi(xi)
and boundary conditions of the form
lim
xi↓a
Ai(xi)wi(xi) = lim
xi↑b
Ai(xi)wi(xi) = 0,
where the polynomials
Ai(xi) = ai,0 + ai,1xi + ai,2x2i and Bi(xi) = bi,0 + bi,1xi
are such that Ai(xi) > 0 on (a,b) and bi,1 	= 0.
Let us recall that the ﬁnite or inﬁnite sequence of polynomials Qn(xi) (0  n < nwi ), orthonormal with respect to the
inner product
( f , g)wi =
b∫
a
f (xi)g(xi)wi(xi)dxi
is said to be a ﬁnite or inﬁnite sequence of classical orthonormal polynomials if the weight function wi(xi) is classical. In
addition these polynomials Qn(xi) solve the following generic differential equation
d
dxi
[
Ai(xi)wi(xi)
d
dxi
Q (xi)
]
= λn,i wi(xi)Q (xi)
with the coeﬃcient λn,i equal to
λn,i = n
[
(n − 1)ai,2 + bi,1
];
cf. Bochner [4], Krall [11–13], Agarwal and Milovanovic´ [1], Andrews et al. [3], Chihara [6], Lesky [14] and Nikiforov and
Uvarov [17]. By the deﬁnition of the weight function w(x), x ∈ Ω , it is clear that the d-dimensional polynomials
Qα(x) = Qα1(x1) · · · · · Qαd (xd), 0 |α| < nw ,
are orthonormal with respect to the inner product (·,·)w , where nw is the least lower bound of all nw1 , . . . ,nwd . In the
following they are also called classical.
In this paper we apply the one-dimensional results from the papers [5,18,19] to prove multidimensional estimates of
Chernoff type for the best approximation error
Ew,k( f ) = inf
p∈Pdk−1
‖ f − p‖w , f ∈ L2,kw (Ω),
whenever w(x) is a classical d-variate weight function, k < nw and L
2,k
w (Ω) denotes the space of all functions f in L
2
w(Ω)
such that all partial derivatives
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(
∂
∂x1
)α1
. . .
(
∂
∂xd
)αd
f (x), x ∈ Ω,
are absolutely continuous functions of each separate variable xi for |α| < k, and that the partial derivative Dα f (x) belongs
to the space L2w(Ω) for |α| = k. For this purpose, we shall use the fact that the classical orthonormal polynomials Qα(x),
α ∈ Sd,k , form an orthonormal basis in the space Pdk−1(Ω) of all polynomials of total degree less than k < nw .
2. The main result
If Qα(x), α = (α1, . . . ,αd), is an orthonormal classical polynomial with respect to the weight function w(x) = w1(x1) ·
· · · · wd(xd), then it can be written in the form
Qα(x) = cαxα +
∑
β∈Sd,k
cβx
β, k = |α|.
The leading coeﬃcient of this polynomial will be denoted by cα = cα(Qα). It is clear that this coeﬃcient is different from 0.
Moreover, we have
cα = 1
α! D
αQα(x) =
d∏
i=1
cαi , α! = α1! · · · · · αd!, (2.1)
where cαi = cαi (Qαi ) is the leading coeﬃcient of the corresponding univariate classical orthonormal polynomial Qαi of
degree αi with respect to the weight wi(xi).
Now we prove the following d-dimensional generalization of the one-dimensional result from the paper [18], which is
the main result of this note. For this purpose we denote
wα(x) =
d∏
i=1
Aαii (xi)wi(xi)
gi,αi
,
whenever α = (α1, . . . ,αd) is a multi-index and
gi,αi =
b∫
a
Aαii (xi)wi(xi)dxi .
Theorem 2.1. Let w be a normalized classical weight function on Ω . Then the inequalities
∑
|α|=k
( | ∫
Ω
(Dα f )(x)wα(x)dx|
α!cα
)2
 E2w,k( f )
∑
|α|=k
(‖Dα f ‖wα
α!cα
)2
(0 < k < nw)
hold whenever f belongs to L2,kw (Ω) or P
d
nw−1 for nw = ∞ or nw < ∞, respectively. Additionally, both these inequalities become
equalities for every polynomial f of total degree less or equal to k.
Proof. For the simplicity, in the following proof it is always assumed that orders of all multi-indices are less than nw .
Since the sequence of one-dimensional polynomials Qn(xi), n = 0,1, . . . ,nwi − 1 is classical, it is known [11–13,16] that the
sequence of derivatives
dr
dxi
Qn(xi), n = r, r + 1, . . . ,nwi − 1,
is also orthogonal with respect to the weight function
νi,r(xi) = Ari (xi)wi(xi)/gi,r .
Moreover these derivatives solve the differential equation
d
dxi
[
Ai(xi)νi,r(xi)
d
dxi
Q (xi)
]
= λn,i,rνi,r(xi)Q (xi)
with the constant
λn,i,r = (n − r)
[
(n + r − 1)ai,2 + bi,1
]
.
The sequence of partial derivatives DαQ β(x), β  α, of the multidimensional polynomials
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is also orthogonal with respect to the weight function
wα(x) = ν1,α1(x1) · · · · · νd,αd (xd),
where (β1, . . . , βd) (α1, . . . ,αd) means that βi  αi for all i = 1, . . . ,d.
Indeed, if β  α and μ α, then we have
∫
Ω
DαQ β(x)D
αQμ(x)wα(x)dx =
d∏
i=1
b∫
a
dαi
dxi
Q βi (xi)
dαi
dxi
Qμi (xi)νi,αi (xi)dxi
= c ·
{
1, if β = μ,
0, otherwise,
where c is a positive constant.
In view of the well-known formula [7] for the best approximation error in Hilbert spaces we get
E2w,k( f ) =
∑
β /∈Sd,k
( f , Q β)
2
w .
Moreover, if α = (α1, . . . ,αd) is a multi-index of order |α| = k, Parseval’s identity yields
∥∥Dα f ∥∥2wα =
∥∥∥∥∑
βα
( f , Q β)wD
αQ β
∥∥∥∥
2
wα
=
∑
βα
( f , Q β)
2
w
∥∥DαQ β∥∥2wα .
On the other hand the one-dimensional classical orthonormal polynomials satisfy the identity
inf
αiβi<nwi
∥∥Dαi Q βi∥∥νi,αi =
∥∥Dαi Qαi∥∥νi,αi ,
which has been proved in [18], formula (3.2). Hence it follows from the deﬁnition of wα that
∥∥DαQ β∥∥2wα =
d∏
i=1
∥∥Dαi Q βi∥∥2νi,αi 
d∏
i=1
∥∥Dαi Qαi∥∥2νi,αi =
∥∥DαQα∥∥2wα = (α!cα)2
for all multi-indices β  α. Therefore, we get∥∥Dα f ∥∥2wα = ∑
βα
( f , Q β)
2
w
∥∥DαQ β∥∥2wα  (α!cα)2 ∑
βα
( f , Q β)
2
w
and
∑
|α|=k
(‖Dα f ‖wα
α!cα
)2

∑
|α|=k
∑
βα
( f , Q β)
2
w  E2w,k( f ). (2.2)
In order to prove the converse inequality, we apply orthogonality of classical polynomials DαQ β to obtain∫
Ω
(
Dα f
)
(x)wα(x)dx =
∑
βα
( f , Q β)w
∫
Ω
(
DαQ β
)
(x)wα(x)dx = ( f , Qα)wα!cα
and
∑
|α|=k
( | ∫
Ω
(Dα f )(x)wα(x)dx|
α!cα
)2
=
∑
|α|=k
( f , Qα)
2
w  E2w,k( f ). (2.3)
It is easy to notice, that E2w,k( f ) = 0, whenever f is a polynomial of the total degree less than k. Clearly, the left-hand
sides of inequalities (2.2) and (2.3) are also equal to 0 in this case. Moreover, if f is a polynomial of the total degree equal
to k, then
f =
∑
|β|=k
rβ Q β + h,
where h is a polynomial of the total degree less than k and rβ are some coeﬃcients. This implies that
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∑
|α|=k
( f , Qα)
2
w =
∑
|α|=k
r2α
and
Dα f = rαDαQα = rαα!cα, |α| = k.
Thus inequalities (2.2) and (2.3) again become equalities. 
In application of Theorem 2.1 it is necessary to compute the constants cα . For this purpose it is recommended to use the
following remark. In view of the formula (2.1), it follows directly from Remark 1.2 presented in the paper [18].
Remark 2.2. The constants (α!cα)−2 in the Chernoff-type inequalities can be evaluated from the formula
1
(α!cα)2 =
1
α!
d∏
i=1
gi,αi∏αi−1
j=0 [−(αi + j − 1)ai,2 − bi,1]
, 0 < |α| < nw .
3. Applications
In the univariate case the results presented in this section agree with the results from the paper [18] for all six classes of
classical orthogonal polynomials. On the other hand, the results presented below are based on the corresponding univariate
case. For the simplicity we do not give the details about univariate classical orthogonal polynomials [2,8–10,15,18]. Instead
we present formulae for the constants gi,αi and for the multivariate weights wα(x) which coincide with the weights w(x)
for multi-index α = 0.
3.1. Hermite weight functions
Let Ω =Rd , Ai(xi) = 1, Bi(xi) = −2xi and
wα(x) =
d∏
i=1
e−x2i
gi,αi
, gi,αi =
√
π.
By applying Remark 2.2 we get
1
(α!cα)2 =
(
√
π )d
α!∏di=1∏αi−1j=0 2 =
(
√
π )d
α!2k .
Hence Theorem 2.1 gives the inequalities
(
√
π )d
2k
∑
|α|=k
| ∫
Ω
(Dα f )(x)wα(x)dx|2
α!  E
2
w,k( f )
(
√
π )d
2k
∑
|α|=k
‖Dα f ‖2wα
α!
for all f ∈ L2,kw (Ω) and k = 1,2, . . . . Both these inequalities are attained whenever f is a d-variate polynomial of the total
degree  k.
3.2. Laguerre weight functions
Let Ω =Rd+ , γi > −1, Ai(xi) = xi , Bi(xi) = 1− γi − xi and
wα(x) =
d∏
i=1
xγi+αii e
−xi
gi,αi
, gi,αi = Γ (γi + αi + 1).
It follows from Remark 2.2 that
ρα = 1
(α!cα)2 =
1
α!
d∏
i=1
Γ (γi + αi + 1).
Hence Theorem 2.1 yields the following Chernoff-type inequalities
∑
|α|=k
ρα
∣∣∣∣
∫
Ω
(
Dα f
)
(x)wα(x)dx
∣∣∣∣
2
 E2w,k( f )
∑
|α|=k
ρα
∥∥Dα f ∥∥2wα
for all f ∈ L2,kw (Ω) and k = 1,2, . . . , which become equalities whenever f is a d-variate polynomial of the total degree  k.
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Let Ω = {x ∈Rd: −1 < xi < 1, 1 i  d}, γi > −1, δi > −1, Ai(xi) = 1− x2i , Bi(xi) = δi − γi − (γi + δi + 2)xi and
wα(x) =
d∏
i=1
1
gi,αi
(1− xi)γi+αi (1+ xi)δi+αi ,
where
gi,αi = 2γi+δi+2αi+1
Γ (γi + αi + 1)Γ (δi + αi + 1)
Γ (γi + δi + 2αi + 2) .
Using Remark 2.2 and Theorem 2.1 we obtain the following inequalities
∑
|α|=k
σα
∣∣∣∣
∫
Ω
(
Dα f
)
(x)wα(x)dx
∣∣∣∣
2
 E2w,k( f )
∑
|α|=k
σα
∥∥Dα f ∥∥2wα
for all f ∈ L2,kw (Ω) and k = 1,2, . . . , where
σα = 2
d(γi+δi+1)+2k
α!
d∏
i=1
Γ (γi + αi + 1)Γ (δi + αi + 1)
Γ (γi + δi + 2αi + 2)(γi + δi + αi + 1)αi
and (xi)αi = xi(xi + 1) · · · · · (xi + αi − 1) denotes the Pochhammer symbol. They become identities for every d-dimensional
polynomial of the total degree  k.
Note that for special cases of Jacobi weights, i.e. for Legendre and Chebyshev weights the Chernoff-type inequalities are
slightly simpliﬁed.
(i) For the Legendre weight function (γi = δi = 0), we have
∑
|α|=k
2d+2k(α| ∫
Ω
(Dα f )(x)wα(x)dx|)2∏d
i=1[(2αi)!]2(2αi + 1)
 E2w,k( f )
∑
|α|=k
2d+2k(α!‖Dα f ‖wα )2∏d
i=1[(2αi)!]2(2αi + 1)
.
(ii) For the Chebyshev weight function of the ﬁrst kind (γi = δi = − 12 ), we have
πd
2d
∑
|α|=k
| ∫
Ω
(Dα f )(x)wα(x)dx|2∏d
i=1[αi(2αi − 2)!!]2
 E2w,k( f )
πd
2d
∑
|α|=k
‖Dα f ‖2wα∏d
i=1[αi(2αi − 2)!!]2
.
(iii) For the Chebyshev weight function of the second kind (γi = δi = 12 ), we have
πd
2d
∑
|α|=k
| ∫
Ω
(Dα f )(x)wα(x)dx|2∏d
i=1[(2αi)!!]2
 E2w,k( f )
πd
2d
∑
|α|=k
‖Dα f ‖2wα∏d
i=1[(2αi)!!]2
.
3.4. The generalized Bessel weight functions
Let Ω =Rd+ , Ai(xi) = x2i , Bi(xi) = γi xi + δi , γi /∈ {0,−1,−2, . . .}, δi 	= 0 and
wα(x) =
d∏
i=1
xγi+2αi−2i e
−δi/xi
gi,αi
,
where
gi,αi =
+∞∫
0
xγi+2αi−2i e
−δi/xi dxi = δγi+2αi−1i Γ (1− γi − 2αi).
In this case we have
nw = min
1id
⌊
1− γi
2
⌋
,
where xi is the ﬂoor function. By applying Remark 2.2 and Theorem 2.1 we get
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(α!cα)2 =
1
α!
d∏
i=1
δ
γi+2αi−1
i Γ (1− γi − 2αi)
(2− γi − 2αi)αi
and the following Chernoff-type inequalities
∑
|α|=k
ρα
∣∣∣∣
∫
Ω
(
Dα p
)
(x)wα(x)dx
∣∣∣∣
2
 E2w,k(p)
∑
|α|=k
ρα
∥∥Dα p∥∥2wα , (3.1)
which hold for all polynomials p ∈ Pdnw−1 and become equalities whenever p is a polynomial of total degree  k.
3.5. Jacobi weight functions on Rd+
Let Ω =Rd+ , Ai(xi) = x2i + xi , Bi(xi) = (2− γi)xi + δi + 1, δi > −1 and
wα(x) =
d∏
i=1
xδi+αii
gi,αi (1+ xi)γi+δi−αi
,
where
gi,αi =
+∞∫
0
xδi+αii
(1+ xi)γi+δi−αi dxi =
Γ (γi − 2αi − 1)Γ (δi + αi + 1)
Γ (γi + δi − αi)
and
nw = min
1id
⌊
γi − 1
2
⌋
.
It follows from Remark 2.2 and Theorem 2.1 that the Chernoff-type inequalities (3.1) hold with the constants
ρα = 1
(α!cα)2 =
1
α!
d∏
i=1
Γ (γi − 2αi − 1)Γ (δi + αi + 1)
Γ (γi + δi − αi)(γi − 2αi)αi
for all polynomials p ∈ Pdnw−1 and become equalities for every d-variate polynomial of total degree  k.
3.6. Pseudo-Jacobi weight functions
Let Ω =Rd and
ai,2 = 1, ai,1 = 2(AiBi + CiDi)/
(A2i + C2i ), ai,0 = (B2i + D2i )/(A2i + C2i ),
bi,1 = 2(1− γi), bi,0 = δi(AiDi − BiCi)/
(A2i + C2i )+ (1− γi)ai,1
with AiDi − BiCi > 0 and A2i + C2i > 0. In this case we have
nw = min
1id
⌊
γi − 12
⌋
.
Then it follows from Remark 2.2 that the constants (α!cα)−2 in Theorem 2.1 are equal to
1
(α!cα)2 =
1
α!
d∏
i=1
(A2i + C2i )γi−αi
∫ π
2
− π2 (Ai cos θ − Ci sin θ)
2γi−2αi−2eδiθ dθ
(2γi − 2αi)αi (AiDi − BiCi)2γi−2αi−1
,
where the normalizing factors gi,αi are deﬁned as in [18].
Finally, note that it is possible to combine together different kinds of classical orthogonal polynomials in the multivariate
Chernoff-type inequalities. For example, the component weight functions wi(xi) and w j(x j) can be either Laguerre and
generalized Bessel, or Hermite and pseudo-Jacobi weight functions, etc. Since it does not require any new ideas, we omit
the details.
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